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Problems:

1 IG extremely complicated
combinatorial explosion, integration by parts,

polylogarithms, modular forms, Calabi-Yau manifolds, . . .

2
q

G –nIG = Œ
factorial growth C · n! · b

n · n
–
, resummation,

Borel transformation, resurgence, . . .

perturbation series are very poorly understood in „4, QED, QCD

Simplifications:

1 integrable models, large N
exact

q
G –nIG , but typically convergent

2 truncated Dyson-Schwinger equations
factorial growth, tiny class of diagrams

3 tropical limit
all IG simplify drastically, no truncation
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What is known?

„4
theory:

L = 1
2(ˆµ„)(ˆµ„) + 1

2m
2„2 + 16fi2

4! g„4
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7: Kompaniets–Panzer 2016, g

8: Schnetz 2018]

—MS(g) =
ÿ

k
—MS

k (≠g)k ¥ 3g
2 ≠ 5.667g

3 + 32.55g
4 ≠ 271.6g

5 + 2848.6g
6

≠ 34776g
7 + 474651g

8 + O(g9)

Lipatov & Brézin–Le Guillou–Zinn-Justin 1976, McKane–Wallace–Bonfim 1984

—MS

k ≥ —k := k! · k
7/2 · C C = 144

fi3/2 e
≠ 17

4 ≠3“E +6’Õ(≠1) ¥ 0.0242

https://www.doi.org/10.22323/1.260/0038
https://www.doi.org/10.1103/PhysRevD.97.085018


[g6: 1993, g
7: Kompaniets–Panzer 2016, g

8: Schnetz 2018]

—MS(g) =
ÿ

k
—MS

k (≠g)k ¥ 3g
2 ≠ 5.667g

3 + 32.55g
4 ≠ 271.6g

5 + 2848.6g
6

≠ 34776g
7 + 474651g

8 + O(g9)
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Borel resummation:

1 Series to be resummed:

f (g) =
ÿ

k
ckg

k

2 Borel transform:
B(u) =

ÿ

k

ck
k!u

k

3 Analytic continuation of B from small |u| to all u œ Ø0

problematic (singularities?)

4 Inverse Borel transform:

Âf (g) =
⁄ Œ

0
B(ug)e≠u

du

problematic (convergence?)

McKane–Wallace–Bonfim
The Borel transform of f = —MS is analytic for |u| < 1 and has a
singularity at u = ≠1 (first instanton).
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Figure 3: Schematic phase diagram of long-range �4 theory and emergence of tropical �4 theory as a
blow-up of the origin. The blue curve indicates the crossover ⇠? = 1� ⌘ (data from [94–97]). The red
dot and arrow indicates the perturbative expansion in D = D0 � 2✏ dimensions for a fixed D0 and ⇠.
Tropical field theory amounts to a blow-up of the origin, as indicated as a green arc in the left
panel. The parameter ✏ of the perturbative expansion of tropical theory corresponds to the angle of
approaching the origin in the non-tropical theory, indicated in orange. ✏ = 2 is a vertical approach
and reproduces ordinary zero-dimensional �4 theory, compare section 3.3.

Tropical field theory is the limit ⇠ ! 0 of the long range theory, subject to eq. (2.10), as
visualized in fig. 3. We recall parts of the computation of [3, 32] in order to highlight the role
of mass terms which will be important in section 4. Concretely, we introduce a regularization
parameter µ̄ similar to what is done in [91], such that eq. (2.6) becomes

L =
1

2
�
�
@µ@

µ � µ̄2
�⇠

�+
(4⇡)2g0

4!
�4. (2.12)

The momentum-space propagator becomes (p2 + µ̄2)�⇠, which is finite for all Euclidean
momenta. The quantity µ̄ is an arbitrary, but fixed, scale of mass dimension [µ̄] = 1,
and k is dimensionless. This functional form is di↵erent from the propagator of a massive
long-range theory, which would be (p2⇠ + m2⇠)�1. Instead, the IR-regulated propagator
formally coincides with the massive propagator of a short-range theory, taken to the ⇠th

power. For the massive short-range theory, the second Symanzik polynomial obtains an
extra term compared to eq. (2.3),
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X

F spanning 2-forest
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Y

e/2F
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e
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⌘
· U . (2.13)

The ⇠th power of a massive propagator has a parametric representation given by eq. (2.1),
the full parametric Feynman integral (eq. (2.4) is

�[G] =

0

@
Y

e2EG

Z 1

0

d↵e ↵
⇠�1
e

�(⇠)

1

A e�
F
U

U⇠(2�✏)
= �(!̄G)

Z
⌦G

0

@
Y

e2EG

↵⇠�1
e

�(⇠)

1

A F�!̄G

U⇠(2�✏)�!̄G
(2.14)

12



Feynman integral in momentum space:
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D = 4 ≠ 2Á

log-divergent: E = 2h1
no subdivergences

Feynman periods

IG(D; {p̨i ·p̨j , m
2
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P
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9 ’(9) + 8’(3)3

P
3 4

= 6’(3) P
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= 288
5

1
58’(8) ≠ 24’(3, 5) ≠ 45’(3)’(5)

2

— function, running coupling, critical exponents
> 1000 periods known [Broadhurst ’85, &Kreimer ’95]

[Schnetz ’08, &Panzer ’16]
multiple polylogarithms at 2nd, 4th, and 6th roots of unity
modular K3 surfaces [Brown&Schnetz ’10]

modular Calabi-Yau 3-folds [Logan ’16]

https://arxiv.org/abs/1604.08027
https://arxiv.org/abs/hep-ph/9504352
https://arxiv.org/abs/0801.2856
https://arxiv.org/abs/1603.04289
https://arxiv.org/abs/1006.4064
https://arxiv.org/abs/1604.04918
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Hepp bound (D = 4) arXiv:1908.09820

H(G) =
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2
= 2

H(G) > P(G) >
H(G)

|trees(G)|2

easy to compute
same identities
very strong correlation

G P(G \ v) H(G \ v)
P7,1 527.7 190952
P4,1 · P4,1 430.1 163592
P3,1 · P5,1 400.9 155484
P7,2 380.9 149426
P3,1 · P3,1 · P3,1 375.2 148176
P7,3 336.1 136114
{P7,4, P7,7} 294.0 123260
P7,6 273.5 116860
{P7,5, P7,10} 254.8 110864
P7,9 216.9 98568
P7,11 200.4 92984
P7,8 183.0 87088

http://arxiv.org/abs/1908.09820
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Minimal subtraction
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multiplicative renormalization
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D = 4 Ê(“¸) = |E (“¸)| ≠ 2¸

Combinatorial formula

H(G) =
ÿ

“1µ“2µ···µ“¸=G
each “i is 1PI

|“1| · |“2 \ “1| · · · |G \ “¸≠1|
Ê(“1) · · · Ê(“¸≠1)

“1 µ “2 summand #
q

µ 3·2·1
1·1 = 6 12 72

µ 4·1·1
2·1 = 2 6 12

Z
_______________̂

_______________\

∆ H
A B

= 84



Recurrence relations (example �(2)
n ):

i.e. number of equivalent terms in eq. (4.2). Besides this, it has a combinatorial factor of
(2n)!

(2!)n+1�k·(2k�2)!
for permutations of external legs, and 1

2
for reversion of the cycle. Summing

over all values of k, the tropical 2-loop amplitude is

�(2)

2n =
(2n)!
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Figure 3: A 2n-point 2-loop amplitude is computed from summing all ways to add one more loop to

a 2k-point 1-loop amplitude �(1)
2k . The extreme cases are k = 1, in which case �(1)

2 is a 1PI propagator
correction (left), and k = n+ 1, in which case the added arc degenerates to a single edge (right).

Example 9. The 2-loop 2-point function has 2n = 2, so n = 1, and the summands
1

2�k(2k�2)!
⇥ (n+ 2� k)⇥ �(1)

2k are:

�(2)

2
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2(✏� 1)| {z }
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✏| {z }
for k=2

⌘
=

4✏� 3

2✏(✏� 1)(2✏� 1)
.

This result coincides with example 6. Note that the two terms in the sum over k do not

correspond to the two 1PI diagrams contributing to �(2)

2
in example 6, it is coincidence

that we have two terms in both cases.
Likewise, for the 0-point, 4-point and 6-point 1PI functions at 2 loops, one finds
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At higher loop order, the possible distributions of 2n external legs to k subgraphs �j are
equivalent to partitioning n indistinguishable objects into k (potentially empty) disjoint sub-
sets. These possibilities are give by the incomplete Bell polynomial [comtet˙advanced˙1974]

1

(n+ k)!
Bn+k,k (1!�2, 2!�4, 3!�6 4!�8, 5!�10, . . .) . (4.4)

21

Di�erential equation/recurrence relations (Borinsky)

(2Átˆt + xˆx ≠ 4)G(x , t) = t ·
3 1

1 ≠ ˆ2x G(x , t) ≠ 1
4

G(x , t) =
ÿ

n,¸Ø0
�(¸)

n t
¸ x

n

n!

e�cient computation to hundreds of loops
version for O(N) symmetry (vector model)
same pde in local potential approximation [Felder ’87]
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2 is a 1PI propagator
correction (left), and k = n+ 1, in which case the added arc degenerates to a single edge (right).

Example 9. The 2-loop 2-point function has 2n = 2, so n = 1, and the summands
1

2�k(2k�2)!
⇥ (n+ 2� k)⇥ �(1)

2k are:

�(2)

2
=

2

8(2✏� 1)

⇣
2⇥ 2⇥ 1

2(✏� 1)| {z }
for k=1

+2⇥ 1⇥ 3

✏| {z }
for k=2

⌘
=

4✏� 3

2✏(✏� 1)(2✏� 1)
.

This result coincides with example 6. Note that the two terms in the sum over k do not

correspond to the two 1PI diagrams contributing to �(2)

2
in example 6, it is coincidence

that we have two terms in both cases.
Likewise, for the 0-point, 4-point and 6-point 1PI functions at 2 loops, one finds

�(2)

0
=

1

2✏� 2
· 1
2
· �(1)

2
=

1

8(✏� 1)2

�(2)

4
=

1

2✏

✓
9�(1)

2
+ 6�(1)

4
+

1

2
�(1)

6

◆
=

9(5✏2 � 2✏� 2)

2✏2(✏� 1)(✏+ 1)
,

�(2)

6
=

1

2✏+ 1

✓
180�(1)

2
+ 135�(1)

4
+ 15�(1)

6
+

1

2
�(1)

8

◆
=

45(40✏3 + 39✏2 � 49✏� 18)

✏(✏� 1)(✏+ 1)(✏+ 2)(2✏+ 1)
.

At higher loop order, the possible distributions of 2n external legs to k subgraphs �j are
equivalent to partitioning n indistinguishable objects into k (potentially empty) disjoint sub-
sets. These possibilities are give by the incomplete Bell polynomial [comtet˙advanced˙1974]

1

(n+ k)!
Bn+k,k (1!�2, 2!�4, 3!�6 4!�8, 5!�10, . . .) . (4.4)
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Di�erential equation/recurrence relations (Borinsky)

(2Átˆt + xˆx ≠ 4)G(x , t) = t ·
3 1

1 ≠ ˆ2x G(x , t) ≠ 1
4

G(x , t) =
ÿ

n,¸Ø0
�(¸)

n t
¸ x

n

n!

e�cient computation to hundreds of loops
version for O(N) symmetry (vector model)
same pde in local potential approximation [Felder ’87]



Asymptotics of the tropical beta function
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Ratio test:

—n ≥ C · n! · a
≠n · n

b≠1 ∆ rn := —n+1
n—n

≥ 1
a

+ b

a

1
n

+ O
1
n

<≠1
2

�n ⇠ 1.0858867352·(�3)n�

✓
n+

5

2

◆✓
1� 3.021658197

n1/3
+

3.347795

n2/3
+

0.9445 log n

n
� 1.064

n
. . .

◆
, n ! 1,

(5.2)

in particular, the leading correction decays only very slowly at the rate n� 1
3 .
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Figure 10: (a): Black: growth ratio rn (eq. (5.1)) of the tropical beta function in MS, plotted as
function of inverse loop number. The data below ` ⇡ 20 loops suggests wrong asymptotic growth
parameters, indicated by the red line. Compare the plots in [50, Figures 10, 22]. (b): Poles (points)
and zeros (crosses) of the Padé approximant of the conformally mapped B[�] ( 13'(z)). The leading
singularity at z = �1 is separated from further singularities along the circle, and an essential
singularity at u ! +1 is revealed. The interpretation of this plot is discussed in detail in [34].

Having established that the coe�cients �n grow factorially, one turns to the Borel transform

B[�] (u) :=
1X

`=1

�n
n!

un, (5.3)

where �n = [gn]�(g) is the (n� 1)-loop coe�cient. The factorial growth coe�cient a = �1

3

amounts to the location of the dominant singularity in the complex Borel plane. As
discussed in detail in [34], the Borel plane structure can be visualized by constructing a Padé
approximant of the power series B[�] (u) and plotting the location of its poles. Singularities
with non-integer exponents produce sequences of spurious poles alternating with zeros, this
e↵ect often makes it impossible to see further singularities beyond the leading one [133–135],
[41, Sec. 2]. A well-established solution to this problem is to instead do the Padé approximant
in a conformally mapped plane. One possible choice is a conformal mapping from the sliced
complex plane u 2 C \ [�1

3
,�1) to the unit disk D = {z 2 C, |z|  1} according to

u = '(z) =
4z

(1� z)2
, z =  (u) =

�1 +
p
1 + u

1 +
p
1 + u

, '( (u)) = u 2 C \ [�1,�1).

(5.4)
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approach of asymptotic regime is very slow!



poles of Padé approximant B(u) = P(u)
Q(u) , deg P = deg Q = 100:
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0.5

u

Padé of 400-term series

Poles of Padé of B
⇥
�(MS)

⇤
(u) in the complex Borel plane

Figure 1: Poles (dots) and zeros (crosses) of the order-200 Padé approximant of the 400-loop tropical
beta function in minimal subtraction. The actual singularities are accumulation points of poles, they
lie on the negative real Borel axis, at multiples of u = � 1

3 . Scattered individual poles are artefacts.
The interpretation of such plots is discussed in e.g. [34, 41].

would be interesting to confirm in future work if a refined instanton analysis can indeed
reproduce (1.2).
In the MOM scheme, the asymptotics of renormalization group functions is notably

di↵erent: Most strikingly, their Borel transform contains additional singularities on the
positive real axis, see fig. 2. We confirm that the location, as function of the O(N) parameter,
of the leading singularity on the positive axis are consistent with the expectation for a
leading renormalon. Qualitatively, this appears to confirm the picture of [19, 33], that �4

4

theory should have regularly spaced instanton singularities on the negative real axis and
additional renormalons on the positive real axis.
However, we also find renormalon-like singularities on the negative Borel axis. In fact,

when N > 1, the renormalon on the negative axis dominates the large-order asymptotics
of the MOM beta function (for N  1, the instanton dominates). The exponents of both
the positive and the negative leading renormalon are rational functions of N , but they are
not the same, and neither of them agrees with the prediction for the exponent from the
literature [27]. E: We

should
cite the
actual
sources
of those
renor-
malon
expec-
tations
here, and
refer to
Dunne
and
Meynig
more
specifi-
cally in
regards
to dom-
inance
of renor-
malon vs
instanton

Even for the leading instanton-like singularity, we find that its exponent in the MOM
scheme is larger than in the MS scheme. Concretely, for �8 < N  1, the coe�cients �n of
the tropical � function in the MS scheme grow faster, by factor n(N+8)/9, than in the MOM
scheme. This was a surprise because the instanton computations in 4-dimensional �4 theory
predict both the location and the exponent of the leading instanton to be identical between
MOM and MS.1 We leave it to future work to clarify which of these singularities correspond
to which physical e↵ect, and how their structure depends on choices of renormalization
schemes more generally.

Despite the many open questions surrounding the precise characteristics of individual Borel

1In contrast, it is well known that the overall coe�cient in the leading asymptotics is scheme dependent.

7

see instantons at u = ≠1/3, u = ≠2/3, u = ≠3/3, . . .
nothing else! (e.g. no renormalons)



Renormalization by subtraction at p
2 = 0:
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Figure 2: Poles of the order-100 Padé approximant of the 200-loop tropical beta function in a
kinematic renormalization scheme . There are still singularities at multiples of u = � 1

3 on the
negative real axis, but in addition there is a singularity on the positive real axis at u = + 1

3 , which is
the expected location for the leading renormalon.

singularities, our explicit numerical data supports two conjectures that are widely assumed,
but to the best of our knowledge have never been proved: Firstly, that the renormalization
group functions in MS, and hence the critical exponents, do not contain renormalons, and
secondly, that in neither scheme any of these functions has Borel singularities o↵ the real
axis.
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see instantons at u = ≠1/3, ≠2/3, . . . but:

—tr,MOM

n ≥ Cn!n3/2(≠3)n
1
1 + . . .

2
≥ —tr,MS

n
n

renormalons at u = 1/3, u = 2/3, . . .
renormalon amplitude to 30 digits



Summary

Very little is known about asymptotics in QFT.
Convergence to asymptotic regime is very slow.

resummation methods are heuristic, with huge uncertainties

The tropical limit is an interesting new toy model of QFT.
exact calculations to high order, correlations with actual QFT

Asymptotics are more complicated than

—n ≥ C · n! · n
– · ‡n

3
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n
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n2 + c3
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4

tropical —-function is Borel summable in MS scheme
renormalons do appear in kinematic schemes
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Backup slides
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Consider scalar fields „ = („1, . . . , „n) with O(n) symmetric interaction
„4 := („2)2. The renormalized Lagrangian in D = 4 ≠ 2Á dimensions is

L = 1
2m

2
Z1„2 + 1

2Z2 (ˆ„)2 + 16 fi2

4! Z4 g µ2Á „4.

The Z -factors relate the renormalized („, m, g) to the bare („0, m0, g0) via

Z„ = „0
„

=


Z2, Zm2 = m
2
0

m2 = Z1
Z2

and Zg = g0
µ2Ág

= Z4
Z 2

2
.

Definition (RG functions: — and anomalous dimensions)

—(g) := µ
ˆg

ˆµ

----
g0

“m2(g) := ≠µ
ˆ log m

2

ˆµ

-----
m0

“„(g) := ≠µ
ˆ log „

ˆµ

----
„0

�(k)
R (p̨1, . . . , p̨k ; g , m, µ) = Z

k
„ �(k)

0 (p̨1, . . . , p̨k ; g0, m0, µ)



Some O(n) universality classes

O(0) self-avoiding walks: diluted polymers
O(1) Ising model: liquid-vapor transition, uniaxial magnets
O(2) XY universality class: ⁄-transition of 4

He, plane magnets
O(3) Heisenberg universality class: isotropic magnets

Onsager’s solution from 1944
Exact critical exponents of the Ising model in D = 2 dimensions:

– = 0, — = 1/8, ‹ = 1, ÷ = 1/4.

So far, no exact solutions in D = 3 are known. Approximation methods:
1 lattice: Monte Carlo simulation, high temperature series
2 conformal bootstrap (recently: very high accuracy for n = 1)
3 RG („4 theory): in D = 3 dimensions
4 RG („4 theory): in D = 4 ≠ 2Á dimensions (Á-expansion) ≈ this talk
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⁄-transition of 4
He (Columbia, October 1992)

Specific heat of liquid helium in zero gravity very near the lambda point [Lipa, Nissen, Stricker, Swanson & Chui ’03]
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Near the lambda transition (T⁄ ¥ 2.2K ), the specific heat

Cp = A
± |t|≠–

1
1 + a

±
c |t|◊ + b

±
c |t|2◊ + · · ·

2
+ B

± (for T ? T⁄)

shows a power-law behaviour (t = 1 ≠ T/T⁄). ∆ – = ≠0.0127(3)



RG equation
5
µ

ˆ

ˆµ
+ —

ˆ

ˆg
≠ k“„ ≠ “m2m

2 ˆ

ˆm2

6
�(k)

R (p̨1, . . . , p̨k ; m, g , µ) = 0

Near an IR-stable fixed point gı, that is

—(gı) = 0 and —Õ(gı) > 0,

the RG equation is solved by power laws and the critical exponents are

1/‹ = 2 + “m2(gı), ÷ = 2“„(gı) and Ê = —Õ(gı).
(scheme independent)

Recall specific heat near ⁄-transition of 4
He

Cp = A
± |t|≠–

1
1 + a

±
c |t|◊ + b

±
c |t|2◊ + · · ·

2
+ B

± (for T ? T⁄)
Here ◊ = Ê‹ ¥ 0.529 and – = 2 ≠ D‹ ¥ ≠0.0127.



Spanning trees (ST)
A spanning tree T µ G is a simply
connected, spanning subgraph.
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