
Funded by the European Union (ERC, UNIVERSE PLUS, 101118787). Views and opinions expressed are 
however those of the author(s) only and do not necessarily reflect those of the European Union or the 
European Research Council Executive Agency. Neither the European Union nor the granting authority can be 
held responsible for them.

UNIVERSE+ Online Seminar


Xavier Kervyn 

“Structure and features of high-
energy string amplitudes” 



Based on work in collaboration with Stephan Stieberger 
[2604.07444]

Structure and features of high-
energy string amplitudes

UNIVERSE+ online seminar, 14 October 2026 
Xavier Kervyn 

Max Planck Institute for Physics

https://arxiv.org/abs/2604.07444


Based on work in collaboration with Stephan Stieberger 
[2604.07444]

Connection problem for 
exponential periods

UNIVERSE+ online seminar, 14 October 2026 
Xavier Kervyn 

Max Planck Institute for Physics

https://arxiv.org/abs/2604.07444


Exponential periods (à la KS)
• Consider integrals of the form

3

IΓ(λ) = ∫Γ
eλW(z)ω(z)

with:  a path on a complex curve,  a meromorphic 1-form,  a multivalued potential,  a large parameterΓ ⊂ X ω W λ

 [Kontsevich, Soibelman ’24]
‘Holomorphic Floer Theory’

 sv’d and meromorphic 1-form, zeros α = dW 𝒵(α)
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Exponential periods (à la KS)
• Consider integrals of the form

3

IΓ(λ) = ∫Γ
eλW(z)ω(z)

with:  a path on a complex curve,  a meromorphic 1-form,  a multivalued potential,  a large parameterΓ ⊂ X ω W λ

 [Kontsevich, Soibelman ’24]

• As , asymptotic expansion (saddle-point approximation)λ → ∞

IΓ(λ) ∼ ∑
σ∈𝒵(α)

nσ eλW(sσ)λ−1/2 ∑
k≥0

ck,σ λ−k

local: Taylor expansion around , asymptoticsσ

global: depend on  and region of parameter space, discontinuous (Stokes phenomenon)Γ

• Connection problem: given the expansion in one region, find  everywhere.nσ

‘Holomorphic Floer Theory’

 2 POVs: geometry of cycles (KS), resurgence & difference equations⇒  [XK, Stieberger ’26]

 sv’d and meromorphic 1-form, zeros α = dW 𝒵(α)
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I𝒥σ
(λ)

ℜ(λW )

ℜ(z)
ℑ(z)

sσ

𝒥σ

𝒦σ

IΓ(λ) = ⟨Γ ⊗ eλW, ω⟩
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: Novikov tube   Witten’s nσ ∑
γ

cγeλZ(γ) ∼ iϵ

Global and local twisted (co)homology

H∙
DR, glob,1/λ

H∙
DR, loc ⊗ ℂ((1/λ))

HBetti, glob,1/λ
∙ HBetti, loc,1/λ

∙

period pairing Laplace’s method

isoDR, loc

isoBetti

Global form determined globally by its 
Taylor data at the critical points

 [Kontsevich, Soibelman ’24] [Witten ’11]

Γ ≃ ∑
σ+lifts

nσ 𝒥σ

𝒥σ ↦ 𝒥σ ± nσσ′￼
𝒥σ′￼

I𝒥σ
(λ)

nσ = ⟨Γ, 𝒦σ⟩
ℜ(λW )

ℜ(z)
ℑ(z)

sσ

𝒥σ

𝒦σ

IΓ(λ) = ⟨Γ ⊗ eλW, ω⟩

[Witten ’13]
4

(& infinite lifts)

Z(γ) = ∫γ
dW

 global Betti = local Betti  coefs ⇒ ⊗ nσ



Tree-level string amplitudes are KS periods

• At  points: generalized hypergeometric functionsn W = ∑
i<j

sij log(zi − zj)
[Mafra, Schlotterer, Stieberger ’11] [Aomoto, Kita ’11]

X = ℳ0,n
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• At  points: generalized hypergeometric functionsn

damping, contour deformations, numerics for α′￼ < ∞

[Gross, Mende ’87 ’88]   [Eberhardt, Mizera ’24] [Yoda ’24] g = 0 :
   [Baccianti, Eberhardt, Mizera ’25 ‘26]g = 1 : [Gross, Manes ’89] 

• : high-energy limit (QG), α′￼ → ∞ ck,σ = ?

W = ∑
i<j

sij log(zi − zj)
[Mafra, Schlotterer, Stieberger ’11] [Aomoto, Kita ’11]

X = ℳ0,n

Constructing thimbles is hard!
[Aomoto ’87] for n = 5

Resurgence⇒

[Brown ’09] [Stieberger ’11]  
[Schlotterer, Stieberger ’13]• : field theory, MZVsλ = α′￼ → 0

5

Complex saddles (monodromy): W ↦ W ± 2πiksij



Resurgence of  Γ

ln Γ(z) ∼ (z −
1
2 ) ln z − z +

1
2
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∞
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2k(2k − 1)
z1−2k

S0(z)|arg(z) | <
π
2

B2k = − 2k ζ(1 − 2k) ∈ ℚ

6



Resurgence of  Γ

ln Γ(z) ∼ (z −
1
2 ) ln z − z +

1
2

ln 2π +
∞

∑
k=1

B2k

2k(2k − 1)
z1−2k

S0(z)

ℬ[S0](ζ) =
1
ζ ( 1

eζ − 1
−

1
ζ

+
1
2 ) Borel transform

|arg(z) | <
π
2

B2k = − 2k ζ(1 − 2k) ∈ ℚ

6



Resurgence of  Γ

ln Γ(z) ∼ (z −
1
2 ) ln z − z +

1
2

ln 2π +
∞

∑
k=1

B2k

2k(2k − 1)
z1−2k

S0(z)

ℬ[S0](ζ) =
1
ζ ( 1

eζ − 1
−

1
ζ

+
1
2 )

ℒθ[S](z) = ∫𝒞θ

dζ ℬ[S](ζ)e−zζ, where θ = arg(z)

Borel transform

Borel resummation

|arg(z) | <
π
2

B2k = − 2k ζ(1 − 2k) ∈ ℚ

6



Resurgence of  Γ

ln Γ(z) ∼ (z −
1
2 ) ln z − z +

1
2

ln 2π +
∞

∑
k=1

B2k

2k(2k − 1)
z1−2k

S0(z)

ℬ[S0](ζ) =
1
ζ ( 1

eζ − 1
−

1
ζ

+
1
2 )

ℒθ[S](z) = ∫𝒞θ

dζ ℬ[S](ζ)e−zζ, where θ = arg(z) (ℒπ/2
+ − ℒπ/2

− )[S0](z) = −
∞

∑
k=1

e−2πikz

k

Borel transform

Borel resummation

|arg(z) | <
π
2

B2k = − 2k ζ(1 − 2k) ∈ ℚ

6



Resurgence of  Γ

ln Γ(z) ∼ (z −
1
2 ) ln z − z +

1
2

ln 2π +
∞

∑
k=1

B2k

2k(2k − 1)
z1−2k

S0(z)

ℬ[S0](ζ) =
1
ζ ( 1

eζ − 1
−

1
ζ

+
1
2 )

ln Γ(z) = (z −
1
2 ) ln z − z +

1
2

ln 2π +
∞

∑
k=1

B2k

2k(2k − 1)
z1−2k +

∞

∑
k=1

S±
k (θ)
k

e±2iπkz S+
k (θ) =

0 −π < θ < π
2

1
2 θ = + π

2

1 π
2 < θ < π

ℒθ[S](z) = ∫𝒞θ

dζ ℬ[S](ζ)e−zζ, where θ = arg(z) (ℒπ/2
+ − ℒπ/2

− )[S0](z) = −
∞

∑
k=1

e−2πikz

k

Borel transform

Borel resummation

|arg(z) | <
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B2k = − 2k ζ(1 − 2k) ∈ ℚ
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1-periodic terms

 is an irregular singularityz = ∞

• For -point: contiguityn Φ(s + ej) = 𝖠j(s) Φ(s) Φ = (∫C
eλWφρ)

ρ

𝖠j ∈ GL(n−3)!(ℂ(s))
flat discrete connection

j = 1,…,
n
2

(n − 3)

ck
!= S±

k (θ)



Transseries from difference equations, II

8

ζ(−n1, …, − nr) ∈ ℚ

[Akiyama, Egami, Tanigawa ’01]

ζ(−r1, − r2) = − 1
2 ζ(−r1 − r2)

• Projection/iteration along a rational direction fixes the shape of the asymptotics:

ck,σ ⊂ Bk ∈ ℚwe find  [XK, Stieberger ’26] cf



Transseries from difference equations, II

8

−
F(s, u)

α′￼s
= ∫

1

0
dz z−α′￼s−1(1 − z)−α′￼u

ζ(−n1, …, − nr) ∈ ℚ

[Akiyama, Egami, Tanigawa ’01]

ζ(−r1, − r2) = − 1
2 ζ(−r1 − r2)

• Projection/iteration along a rational direction fixes the shape of the asymptotics:

BUT

ck,σ ⊂ Bk ∈ ℚ

already for for :n = 4
 blind to periodic ambiguity

we find  [XK, Stieberger ’26] cf



  and    in a single frameworkα′￼ → 0 α′￼ → ∞

ln F(s, u) ⊂ ∫
∞

0
dx

K(x)
x [e−α′￼sx + e−α′￼ux − e−α′￼(s+u)x] K(x) =

1
ex − 1

−
1
x

+
1
2

• Given the Borel resummation of the  integral:n = 4

small : Taylor expansion of / large : Bernoulli expansion of α′￼ e−α′￼ct α′￼ K(t)

∫
∞

0
dt tm−1K(t) = ζ(m) Γ(m)

with

9



  and    in a single frameworkα′￼ → 0 α′￼ → ∞

ln F(s, u) ⊂ ∫
∞

0
dx

K(x)
x [e−α′￼sx + e−α′￼ux − e−α′￼(s+u)x] K(x) =

1
ex − 1

−
1
x

+
1
2

• Given the Borel resummation of the  integral:n = 4

small : Taylor expansion of / large : Bernoulli expansion of α′￼ e−α′￼ct α′￼ K(t)

• Single MB bridge:       

∫
∞

0
dt tm−1K(t) = ζ(m) Γ(m)

with

e−x =
1

2πi ∫
+i∞+c

−i∞+c
ds Γ(s) x−s, c > 0

9
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• The connection problem is encoded

Outlook
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• What about genus one (1-loop) amplitudes?

geometrically (twisted intersection numbers of thimbles) 

algebraically through resurgence (Stokes coefficients)

• Contiguity equations imply large-  asymptotic expansions with , w/o thimblesλ ck,σ ⊂ Bk

but do not resolve the connection problem!

• Can one fix  from factorization on generic rays, if not in Borel space?P

• Resurgence unifies both  and  as two expansions of the same meromorphic kernelα′￼ → 0 α′￼ → ∞



Backup slides



KS’s framework

12

H∙
DR, glob,1/λ

H∙
DR, loc ⊗ ℂ((1/λ))

HBetti, glob,1/λ
∙ HBetti, loc,1/λ

∙

period pairing Laplace’s method

isoDR, loc

isoBetti

I𝒥σ
(λ)IΓ(λ) = ⟨Γ ⊗ eλW, ω⟩

Forms modulo exact 
twisted forms on all of  

Depends homomorphically 
on 

X

λ

Same thing but computed in 
formal nbd of each critical 
point, with coefficients in 

power series

Cycles on which  
decays at the ends. For sv’d 

 this is relative homology 
 for 

eλW

W
H∙(X, {ℜ(λW ) ≤ − c})

c → − ∞

For each critical value , 
relative homology of small disc 

around  with marked 
point on bdy at angle 

 where thimble 
leaves the disc.

W(sσ)

λW(sσ)

θ = − arg(λ)



KS’s framework for the Euler Beta function
W = − s log x − u log(1 − x)

13

Potential: ω =
dx
x

X = ℙ1\{0,1,∞}

Saddle: x* =
s

s + u
s, u < 0 ⇒ x* ∈ (0,1)  is a thimble(0,1)

for other kinematics, Wn,m(x*) = W(x*) − 2πi(ns + mu)

Local Betti group: HBetti,loc,1/λ
1 ≅ ℤ since only one zero of : generated by thimble through dW x*

Lifts  on universal cover all map to same generator, 𝒥n,m Γ = (0,1) ⊗ eλW

⇒ Global Betti , iso  is a  matrix≅ ℂ Betti 1 × 1 , Γ = H1(X, {x*}; ℤ) = ℤγ0 ⊕ ℤγ1 Z(γi) = 2πiResiα

From KS POV:

mult. by loading qm
0 qn

1 = e−2πi(ms+nu)



Tree-level open string amplitudes

• -point building blocks:  

basis of  Euler integrals on disk with marked points

n

(n − 3)!
ℳ0,n(ℝ) = {(z2, z3, …, zn−2) ∈ (ℝℙ1)n−3 | zi ≠ zj for i ≠ j}

[Mafra, Schlotterer, Stieberger ’11]

sij = (ki + kj)2

Zπρ(α′￼) =
n−2

∏
j=2

∫Cπ

dzj

∏n−1
i<j |zij |

−α′￼sij

z12ρ
z2ρ3ρ

⋯z(n−3)ρ(n−2)ρ

Cπ = {zj ∈ ℝ | 0 < zπ(2) < … < zπ(n−2) < 1}

z1 = 0

z2

…

zj
…

zn−1 = 1

zn = ∞

14



Low- vs high-energy limits

• : field-theory limit α′￼ → 0

Zπρ(α′￼) = (−α′￼)3−n S−1
πρ +

∞

∑
k=2

(−α′￼)3−n+k bk

• : saddle points and thimbles 

 

α′￼ → ∞

Zπρ(α′￼) = ∮𝒥
dn−3 ⃗z g( ⃗z) e−α′￼S

momentum kernel
[Kawai, Lewellen, Tye ’85] [Bern, Dixon, Perelstein, Rozowsky ’99] 
[Bjerrum-Bohr, Damgaard, Sondergaard, Vanhove ’11]

(polynomials of weight  in the ’s)  (MZVs of weight )3 + n − k sij × k

ζ(n1, n2, …, nr) = ∑
0<k1<k2<…<kr

1
kn1

1 kn2
2 ⋯knr

r

[Brown ’09] [Stieberger ’11]  
[Schlotterer, Stieberger ’13] 
[Zagier ’94]

thimble
Morse function

S({zl}; ̂s) = ∑
i<j

̂sij ln(zi − zj)

∂S
∂zi

= ∑
j≠i

̂sij

zi − zj
= 0

 scattering equations:(n − 3)!

Z(i)
ρ (α′￼) = [det H({z(i)

l })]
−1/2

e−α′￼S({z(i)
l }) ∑

k≥0

c(i)
k

(−α′￼)k

asymptotic series:

???

ni ∈ ℕ*
15



Thimble analysis of the four-point string amplitude
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Thimble analysis of the four-point string amplitude

F(s, u) = − s∫
1

0
dz z−s−1(1 − z)−u ℜ(s) < 0, ℜ(u) < 1

unphysical!

F(s, u) ∼ 2π
su
t

e−s ln(s)−u ln(u)−t ln(t)(−1)−s−u

unphysical: saddle x0 ∈ (0,1)
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Thimble analysis of the four-point string amplitude

F(s, u) = − s∫
1

0
dz z−s−1(1 − z)−u

figure from [Yoda ’24]

ℜ(s) < 0, ℜ(u) < 1

unphysical!

F(s, u) ∼ 2π
su
t

sin(πt)
sin(πs)

e−s ln(s)−t ln(t)−u ln(u)(−1)−u−t

F(s, u) ∼ 2π
su
t

e−s ln(s)−u ln(u)−t ln(t)(−1)−s−u

unphysical: saddle x0 ∈ (0,1)

physical: saddle  + complex saddlesx0 ∉ (0,1)

[Witten ’13]16


