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Exponential periods (ala KS)

[Kontsevich, Soibelman '24]
‘Holomorphic Floer Theory’

* Consider integrals of the form I-(4) = [ e’lW(Z)a)(Z)
r

with: I" C X a path on a complex curve, ® a meromorphic 1-form, W a multivalued potential, 4 a large parameter
a = dW svd and meromorphic 1-form, zeros Z (o)

* As A — o0, asymptotic expansion (saddle-point approximation)

I(2) ~ Z n,_ o AW(s,) /1—1/22 Cs 2k

cEZ(a) 4 k>0 T local: Taylor expansion around s_, asymptotic

global: depend on I' and region of parameter space, discontinuous (Stokes phenomenon)

* Connection problem: given the expansion in one region, find n_ everywhere.

= 2 POVs: geometry of cycles (KS), resurgen ifferen ion [XK, Stieberger 26]
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Global and local twisted (co)homology

[Kontsevich, Soibelman '24] [Witten '11]

Global form determined globally by its
Taylor data at the critical points

HbR, glob, 1/ ~DRtlee | Hi)R, loc @ Cd/a)

period pairing Laplace’s method
I-A) =T e, w) I;(4)
: : . 10
Bett, glob,1/2 _ 159Bet gBetti, loc, 112 .
SR(AW) O
[~ Z ngjg n6:<r9‘%/0> -
o+lifts 10

jg — jU i nﬁﬁ,jﬁ, (& inﬁnite llftS)

Z(y) = | dW n_: Novikov tube Z cye’iz(y) ~ Witten’s 1€

Jy y [Witten '13]
= global Betti = local Betti Q coefs 4
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Tree-level string amplitudes are KS periods

* At n points: generalized hypergeometric functions — _
b 5 YPETs X=uy, W= s;ilog(z; — z)
[Mafra, Schlotterer, Stieberger '11] [Aomoto, Kita '11] i<i
. - . [Brown "09] [Stieberger '11]
A =a — (:field theory, MZVs [Schlotterer, Stieberger "13] |
o . o - < | ” = M ....... U
a ﬁ w. hlgh energy llmlt (QG), Ck,d - ? U .....................................
damping, C()nt()ur deformatiOnS’ numerics f()r a, < w I g/ A IS~ i G Sl I |
[Gross, Mende '87°88] g = 0 : [Eberhardt, Mizera 24] [Yoda "24] N M ) |
[Gross, Manes "89] g = 1 : [Baccianti, Eberhardt, Mizera 25 26]
Complex saddles (monodromy): W= W £ 2riks;; - ” G .....................................
Constructing thimblesishard! =  Resurgence
[Aomoto '87] forn = 5 i Ea— L 2 S



Resurgenceof T

1 1 Bu 1w By = —2kci-2me0
InI'(z) ~ (z—5> lnz—z+51n2ﬂ+ sz(zk—l) .
T T \ So(Z)
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1 I B,
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Resurgenceof T

1 1 B,
InT(7) ~ —— |Inz—z+—In27+ 712k By, = —2k{(1 —2k) € Q
(ZT) (Z 2) Z—1Z 5 T ZZk(Zk—l) 2k
T

Jarg(@)| < Sof
1 1

9?[5](5)—1< : | ) Borel t f
0 _C 1 ; . > orcel transiorm

Borel resummation

ZL1S1(z) = | d¢ BIS1(O)e™, where 0 = arg(2)
J @b




Resurgenceof I' =

1 1 By,
lnF(ZT) ~ (Z — 5) Inz —z+ 51n27z+ Z DRk 1) 7172k By, = —2k{(1 —2k) € Q
arg(z) | < = 5
2 l Im(C) A p p
2
1 1 1 1 X
BSpl(&) = — ( | ) Borel transform C)
F\ec—1 ¢ 2 <X>
Borel resummation CX)
. o0 —2mikz
ZUSI@) = | dCBISIOe ™, where 0= argc) — (L7~ Z™)[Sl@) =~ Y.~ p . Re(0)
J @b =1




Resurgenceof I' =

1 1 By,
InT'(z) ~ —— )lnz—z+—In27 + 712k By, = —2k{(1 —2k) € Q
(ZT) (Z 2) —1Z 5 T Z 2k(2k B 1) Dk
arg(z) | < = 562
2 l Im(C)A p o
T2 _pm
1 ] 1 1 X
BSpl(&) = — ( | ) Borel transform C)
c\e=—1 ¢ 2 <X>
Borel resummation CX)
. o0 e—2ﬂikz
LUS)@) = | dCBISUOe ™, where 0 =arg(t) — (77 L7)(S]0) = = ), —  Re(0)
J @b =1
Transseries  [Nemes 22] 0 —7<O<Z
I I B, © SE@) 1 ]
InT(z)=(z—= ) Inz—z+—=In2z+ 71724 Y ik Si@ =15 0=+73
© (Z 2) R T ZZk(Zk—l) 2 " 2
! =1 I S<f<nz

larg(z)| < & 6
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In['(z+1)—InT'(z) =Inz z = oo is an irregular singularity

(€%—1) InT(z)

© B
(e% — 1)1 = Z ! 4 ker(e% — 1)

n!
n=0

Inl'(zp)=(z—— \1Inz—z+—1In2x + z: Z1—2k_|_ _eiZZﬂkz
< ( 2) 2 ~ 2k(2k — 1) ) k
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Transseries from difference equations, I

InT['(z+ 1) —InT'(z) = Inz Zz = oo is anirregular singularity
(@ —D Il
0 —1 OO Bn n—1 0 . .
(e -1 = Z—'az +ker(e™ —1) - 1-periodic terms
=0 n.
2 2 & 2k(2k — 1) ~ k

A; € GL(,_3)(C(s))

flat discrete connection

* For n-point: contiguity  d(s + e;) = A(s) D(s) O = (J eﬂwqﬂp)
C

=1, 2= 3) p
/ >



Transseries from difference equations, Il

* Projection/iteration along a rational direction fixes the shape of the asymptotics:

wefind ¢, C B, € Q [XK Stieberger 20] cf {(—ny...,—n) e

C(—”p — 1)) = _%C(—Iﬁ — 1))

[Akiyama, Egami, Tanigawa 'o1]



Transseries from difference equations, Il

* Projection/iteration along a rational direction fixes the shape of the asymptotics:

wefind ¢, C B, € Q [XK Stieberger 26] cf {(—ny,...,—n) € Q
1
C(—=r, — 1) = _EC(—H — 1)
Ny X —1U
Ny + 19 = 0 =0 [Akiyama, Egami, Tanigawa 'o1]
Fs3(s,u) ~ Fi(s,u)Pi3(s,u) Az Fi(s,u) ~ y/2m 3 (—1) 755y~
P13(8,’u,) = (—1)_3_t :llrrllg;?) A3 A1 BUT
& —=s : T ..
2 =0 blind to periodic ambiguity
Ay B already for for n = 4
As |
F(s, u) , ,
. / — dZZ_aS_l(l . Z)—au
8 a s 0



a' = 0 and o’ —» oo inasingle framework

* Given the Borel resummation of the n = 4 integral:

1 1

00 ]
K(X) —a'sx —a'ux __

In F(s,u) C J dx e e e
0 Ak - ex—1 x

—a'(s+u)x

small @ Taylor expansion of e ~*// large o Bernoulli expansion of K(t)

ro dt " K(f) = C(m) T(m)
0

with K(x) = — — 4+ —



a' = 0 and o’ —» oo inasingle framework

* Given the Borel resummation of the n = 4 integral:

> Ko _ , , ' 1 1 1
In F(s,u) C [ dx ) e~ HSX 4 pmaUx _ pmalstu)x with  K(x) = — 4 —
0 Xk - ex—1 x 2
small @ Taylor expansion of e ~*// large o Bernoulli expansion of K(t)
Im(s)
¢(n <0)

ro dt 7"~ 'K(1) = {(m) T(m) m> 1) ‘

: \

* Single MB bridge:

X
DO

|
(-

1 +i00+cC
e = —[ dsI'(s)x™>, ¢>0 /
2t —100+C
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ceometrically (twisted intersection numbers of thimbles)

* The connection problem is encoded . ,
~ algebraically through resurgence (Stokes coefficients)
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Summary & Open Questions

ceometrically (twisted intersection numbers of thimbles)

* The connection problem is encoded . ,
~ algebraically through resurgence (Stokes coefficients)

» Contiguity equations imply large-4 asymptotic expansions with ¢, , C B, w/o thimbles

but do not resolve the connection problem!

* Resurgence unifies both a’ — 0 and a’ — oo as two expansions of the same meromorphic kernel

* Can one fix P from factorization on generic rays, if not in Borel space?
Outlook

* What about genus one (1-loop) amplitudes?

Thank you!
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KS’s framework

Same thing but computed in

Forms modulo exact formal nbd of each critical

twisted forms on all of X point, with coefficients in
. H ISOPR . loc He C((1/ power series
Depends homomorphically DR, g]Ob,l P R DR, loc ® C((1/4))
on A
period pairing Laplace’s method
() = (T ® Y, ) Iy ()
HBetti, glob,1/2 _ 1SOBetii pgBetti, loc,1/2 For each critical value W(s,),
o e AW . . relative homology of small disc
yeles on Which € @ ® around AW(s ) with marked

decays at the ends. For svd .
point on bdy at angle

0 = — arg(A) where thimble
leaves the disc.

W this is relative homology
HX, {R(AW) < —c}) for

c > — OO

12



d
Potential: W=—slogx—ulog(l —x) w-= = X = P)\{0,1,
X
s
Saddle: x. = s,u<0=>x.€(0,1) (0,1) is a thimble

S+ u

KS’s framework for the Euler Beta function

o |

for other kinematics, W, ,.(x.) = W(x.) — 2x1(ns + mu)

From KS POV:

Local Betti group: er“i’loc’l/ *~ 7 since only one zero of dW: generated by thimble through x.

Lifts #, . on universal cover all map to same generator, I' = (0,1) ® e*"

mult. by loading g)'q;’ = e

= Global Betti = C, isogettjisa l X I matrix T = H,(X, {x.};Z) = Zy, €

—2rx1(ms+nu)

13



Tree-level open string amplitudes

° n—point bu11dmg blocks: [Mafra, Schlotterer, Stieberger '11]

basis of (n — 3)! Euler integrals on disk with marked points
My, (R) = {(29: 235 -2 Zy) € (RP)'™ | z; # z; for i # j)

n—1 —a's.. < _ 2
2 3= Gty

n—2 I I .
N 1<J
Z.,(a) = I I [C dz;

=2 £12,2,3," " 4n-3) (n-2),

C,={z €R|0<z,5 <... <Zyu <1}

14



Low-vs high-energy limits

o o’ — 0: field-theory limit
Zﬂp(a,) — (_a/)3—n Sggl 4+ Z (_a/)B—n+k bk
k=2 A

|

momentum kernel

[Kawai, Lewellen, Tye ’85] [Bern, Dixon, Perelstein, Rozowsky '99]
[Bjerrum-Bohr, Damgaard, Sondergaard, Vanhove "11]

(polynomials of weight 3 + n — kin the 5;iS) X (MZVs of weight k)

1 [Brown '09] [Stieberger "11]
C(ny,ny,...,n.) = Z pgha.. gn  [Schlotterer, Stieberger '13]
O<k,<k,<...<k. 1 72 r Zagier '94]
n, € N*

15

/

thimble

* o' — o0:saddle points and thimbles

L) = fl; d"7 g(2) e~
S

T

Morse function

SUz}s8) = Z s;; 1In(z; — z;)

(n — 3)! scattering equations:

asymptotic series:

(D( ") =
Zp (a)_

s _
z j#i
det H({z"})

i<j
5,
]
=0 )
< T & l
1 =172 C;EI)

SNy
(—a)

k>0



Thimble analysis of the four-point string amplitude



Thimble analysis of the four-point string amplitude

1
F(s,u) = — SJ dzz757 11 = 2)™ Re)<0,Rw <1
0 unphysical!

unphysical: saddle x, € (0,1)

F(S, u) ~ \/zﬂ-ﬂe—s In(s)—u ln(u)—tln(t)(_ 1)—S—u
[

16



Thimble analysis of the four-point string amplitude

1
F(s,u) = — SJ dz Z_S_l(l — Z)—u RE) <O0,Rw) <1 ] R |

.
Yo
*

0 unphysical! 2o @ * Ly o — ;r/”'\E

.
-
-----------------------------------------------------------------------

ey
-----------------------------------

unphysical: saddle x, € (0,1)

SU - 0 ! ) 3 A 0 1 ) 3
F(S, u) ~ \/zﬂTe—Sln(s)—uln(u)—tln(t)(_ 1)—S—u N - |

-----------------------------------
.
-

physical: saddle x, & (0,1) + complex saddles

= 0 x - = 0 x /@

F(s. 1) ~ \/2ﬂ su sin(zt) g =S N In(O-uln(u)_ y-u—t | S T

t sin(zs)
_2 1 | | _2
—1 0 1 ‘ 3 —1 0 1 3
Re 2 Re z

16 [Witten "13] figure from [Yoda 24]



